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molecules are the same, but distributions are different
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data variables
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Exponential-large space

Efficient methods


Computational power

统计物理与机器学习



Giorgio Parisi 1992’
Boltzmann Medal, Lars Onsager Medal, Dirac Medal, Nobel Prize



Boltzmann, Clausius, Maxwell, 
Statistical Mechanics19th century

1948’Shannon, Information Theory

Jaynes, Maximum Entropy principle1957’

Edward and Anderson spin-glass model1975’

19th centuryBuilding of statistical methods 
Least squares, Bayes rule

1913’Markov Chain

1950’Turin’s learning machine

1957’Perceptron

1969’Minsky and Papert, 
Limitations of perceptron

1980’
Necognitron, 

early convolution neural networks
1982’Hopfield neural networks

1986’Backpropagation

Statistical Physics 
(machine learning related)

Machine Learning 
(neural network related)

1989’Reinforcement learning

1995’Support Vector Machine
1997’IBM Deep Blue

2009’Image Net
2012’AlexNet convolution networks

Applications of Deep Neural Networks 
Alpha Go, alphaFold, chatGPT 2012 - now

Sherrington-Kirkpatrick spin-glass model1978’
Parisi’ replica symmetry breaking1979’

1982’ Hopfield neural networks

1985’ Amit-Gutfreund-Sompolinsky 
Phase diagram of the Hopfield NN 
Gardner and Derrida, capacity of perceptron

1989’ Krauth and Mezard 
Capacity of binary perceptrons

Applications of spin glass theory in 
optimizations, Mean-fi1990 - 2009’

2009 - now message passings algorithms for 
inference and learning

Onsager’s solution to 2D Ising model1944’

1982’ Simulated annealing

Ising model1920’
1935’ Bethe Approximation

1980’ Nishimori line

Variational inference 2000’

1895’ Curie-Weiss mean-field

Boltzmann Machine 1985’

1953’ Metropolis, MCMC



Gerard Toulouse 1992’
Langevin Prize, Holweck Prize

Ordinary Statistical Mechanics Inverse problem of statistical mechanics

The Ising model  
(Ising, 1924)
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Restricted Boltzmann Machine 
(Ackley, Hinton, Sejnowski, 1985)
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- 高温：记不住任何数据


- 低温：记住一个数据（全黑或者全白）！

伊辛模型 (Ising, 1924)
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自旋玻璃模型 (忘掉所有的数据）

" " " # " # # # # # " "S = {+1, − 1}n

P(S) =
1
Z

eβ∑(ij) JijSiSj Jij ∼ 𝒩(0,1/n)

Sherrington-Kirkpatrick 1975’ 
Parisi (full RSB solution) 1979’



Associative memory (Hopfield, 1982, Amari 1977, Little 1974)

Hebb’s learning rule

Hebb 1949

Hopfield model: 记住多个数据 (Hopfield, 1982)
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网络更新规则: Glauber dynamics (Glauber 1963)
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数据被存储为不动点



Hebb’s learning rule

Hebb 1949

Hopfield model: 记住多个数据 (Hopfield, 1982)

P(S) =
1
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i } ∈ {+1, − 1}αn×n

Associative memory (Hopfield, 1982, Amari 1977, Little 1974)
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Phase diagram

Amit, Gutfreund, Sompolinsky 1985

Hebb’s learning rule

Hebb 1949

Hopfield model的统计物理理论

P(S) =
1
Z
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Associative memory (Hopfield, 1982, Amari 1977, Little 1974)
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局限性：数据需要是正交的，线性capacity





Ising 
Model

改变 Jij 采样

Inverse-Ising model: 根据数据学习权重
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1
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缺点：参数少，表达能力不够

Inverse-Ising model: 根据数据学习权重

•全连接自旋玻璃模型


➡ 需要学习所有的 


•给定数据一阶矩和二阶矩的最大熵模型


   


•指数函数族


➡ Sufficient Statistics是一阶矩和二阶矩


➡
 

Jij

P(s) = arg max H(P), s . t . ⟨si⟩P = mi, ⟨sisj⟩P = ⟨SiSj⟩data

∂ log P
∂Jij

= ⟨SiSj⟩data − ⟨SiSj⟩P

P(S) =
1
Z

eβ∑(ij) JijSiSj



• 玻尔兹曼机是带有隐变量的Inverse Ising model  
(Ackley, Hinton, Sejnowski, 1985)

➡ 增加参数数目，模型表述能力 

➡ 表达数据中的高阶关联 

• 缺点：难以训练 

-

∂ log P
∂Wia

= ⟨viha⟩data+model − ⟨viha⟩model

玻尔兹曼机: 通过隐变量增加表述能力
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• RBM是二分图上的玻尔兹曼机 (Hinton, Sejnowski, 1986)


➡ 只有隐变量和显变量之间的连接 

➡ 数据中的高阶关联通过隐变量诱导 

➡ Contrastive Divergence算法可有效计算梯度（Hinton 2002) 

受限玻尔兹曼机 (RBM): 有效的训练算法
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∂ log P
∂Wia

= ⟨viha⟩data+model − ⟨viha⟩model

减小数据能量 增加其他构型能量



奇怪的知识: Hopfield model等价于Gaussian RBM

Binary vi

Gaussian ha

Hubbard Stratonovich 变换



学习 Wia 采样

用RBM学习数据分布

P(v) =
1
Z ∑

h

e ∑ia Wiaviha

∂ log P
∂Wia

= ⟨viha⟩data+model − ⟨viha⟩model

减小数据能量 增加其他构型能量





• RBM隐变量可以给出数据的表示(representation)


➡ 显变量(数据)分布到隐变量分布 

➡ 分布维度缩小 

➡ 类似物理中的重整化 

受限玻尔兹曼机 (RBM): 表示学习
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1
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表示学习、预训练、Fine-tune

Rumelhart, Hinton, Williams, 1986
“My main contribution was to show how you can use it for learning distributed 
representations”  - Hinton




从Hinton的主要工作看神经网络学习发展

1985 
Boltzmann 
Machine

1995 
Helmholtz 
Machine

生成学习萌芽
基于RBM的 
非监督学习 
发展缓慢

2012

Deep belief network 
Autoencoder 
Pre-training 
Fine-tune 

2006

2002 
Con. Div. 

Product of Experts

Back-propagation 
1986



玻尔兹曼分布：样本生成困难,配分函数难以计算

Configuration space

Prob.

Configuration space

Prob.

Sampling Sampling



玻尔兹曼分布：样本生成困难,配分函数难以计算



从Hinton的主要工作看神经网络学习发展

1985 
Boltzmann 
Machine
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2002 
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Pre-training 
Fine-tune 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Machine
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Alex net 
2012

2009 
ImageNet



ImageNet

“… while a lot of people are paying attention to models, let’s pay attention 
to data. Data will redefine how we think about models.” – Fei-Fei Li


• WordNet + 人工标签 (Amazon众包服务 + 标签错误矫正)


• 2009: 12 million images across 22,000 categories


• 2010: 第一届 ImageNet Challenge



AlexNet: The birth of Deep Learning

Alex Krizhevsky, Ilya Sutskever, Geoffrey Hinton, 2012 

• Convolution network + SGD + ImageNet


• Trained across 2 GPUs (Nvidia GTX 580)


• ReLu activation function


• Data Augmentation, Dropout



Era of Deep Learning
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Machine
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2015

2016 
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2017

Deep Learning

ChatGPT 
2022

2018-2020 
AlphaFold

2014 
GAN 
VAE



Hinton的insight和信心(坚持)

2022年NeurIPS 
 Hinton 75岁



Hinton的insight和信心(坚持)



Neural Networks and Statistical Physics ???

1985 
Boltzmann 
Machine

Back-propagation 
1986

2002 
Con. Div. 

Product of Experts

Deep belief network 
Autoencoder 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Fine-tune 

2006
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Helmholtz 
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VAE
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2015
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Flow  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Diffusion 
Model 
2015

2016 
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ChatGPT 
2022

Deep Learning



现代生成模型有统计物理基因，但直接关系不强

Diffusion models Autoregressive models

Flow models Variational autoencoder

王磊，张潘, 《写给物理学家的生成模型》，“物理” 2024



Auto-regressive distribution

• Representing joint distribution using chain rule of conditional probabilities.

q(s) =
Y

i

q(si|sj<i)

q(s1, s2, s3, s4) = q(s4|s3, s2, s1)q(s3, s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2|s1)q(s1)

• conditional probabilities    Directed Sampling 
Known as ancestral sampling [Bishop 2006]

⟹

s1
s2
s3

s4

ŝ1 = sigmoid(0) = q(s1 = 1)

ŝ2 = sigmoid(w12s1) = q(s2 = 1|s1)
ŝ3 = sigmoid(w13s1 + w23s2) = q(s3 = 1|s2, s1)
ŝ4 = sigmoid(w14s1 + w24s2 + w34s4) = q(s4 = 1|s3, s2, s1)

q(s1, s2, s3, s4) = ŝ1ŝ2ŝ3ŝ4

Fully Visible  
Belief Network 

[Frey 1998]



Key problem：data-related long-range correlations

I swam across the river to get to the other bank. 
I walked across the road to get cash from the bank. 

The meaning of bank depends on the words of previous 
positions. 

The positions may vary in various sentences. 



Self-attention

Focus on some features 

                          

Q̃ = XW(q)

K̃ = XW(k)

Ṽ = XW(v)

Y = Softmax[QK⊤]V

Y = Attention(Q, K, V) = Softmax [ QK⊤

Dk ] V

Data-dependent attention coefficients



GPT in 60 Lines of NumPy: https://github.com/jaymody/picoGPT/blob/main/gpt2_pico.py





统计物理可否解释机器学习？
Strengths (Spin-Glass theory, Repilca method, mean-field, message passing)：


• Hopfield模型相图，动力学 [Amit et al 1985, Coolen 2001] 

• Perceptron and generalized linear model [Krauth, Mezard 1987, Barbier 2019]


• 浅层、随机、线性网络相图, error landscape [Saxe et al 2013, Gabrié et al 2019]


• Information Bottleneck [Tishby et al, 2000]


• Glassiness, overparameterization [Baity-Jesi et al., 2018, Baldassi et al., 2016] 

Weaknesses：


• 简单模型、随机模型、无限宽模型 

• 难以考虑复杂数据 

• 难以定量描述泛化性



机器学习可否应用于物理？
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机器学习在统计物理中的应用

•识别物质相，相变 (Wang 2016, Carrasquilla, Mello 2017) 

-监督学习、非监督学习，序参量 

•统计力学, 重整化 (Li,Wang 2018, Wu et al 2019) 

- 变分自由能计算，强化学习，采样，帮助MCMC？ 

•非平衡系统 (Tang et al 2023) 

-时间演化，动力学相变 

•非线性动力学系统 (Pathak et al 2017) 

- 预测，控制非线性系统，Reservoir 网络 



机器学习在量子多体中的应用

•多体态分类 

- 多体局域化，哈密顿量、纠缠谱 (Hsu et al 2018) 

- non-local序参量，拓扑不变形 (Zhang, Kim 2017) 

•神经网络量子态 （Carleo, Troyer 2017) 

- 用RBM、MLP、Autoregressive网络表达波函数 

-变分蒙卡、强化学习 

- 內凛对称性(平移、交换，backflow Luo, Clar 2018） 

•自动微分赋能张量网络 (Liao et al 2019) 

-时间演化，动力学相变 

•张量网络与监督、非监督学习 

- 线性分类器 (Stoudenmire, schwab 2016）

- MPS玻恩机 Born Machine (Han et al, 2018)



机器学习与第一性原理计算、物质生成

分子结构、能量面：分子动力学模拟 

• 从DFT数据学习能量和力场 (Zhang et al 2018) 

• 自由能surface，集体变量 (Noe 2019)

材料性质预测 

电子密度与DFT：创造新的density functional (Nagi et al 2018) 

物质生成：从数据生成到原子、分子生成 

• 利用对称性，CrystalFormer (Cao,Luo,Lv,Wang 2024)



机器学习在粒子物理、宇宙学中的应用

• LHC，LSST，LIGO等大科学装置有大量数据需要处理 

•需要用量子场论、微扰方法、广义相对论得到大量模拟数据 

-学习神经网络用于快速模拟，生成数据 

- 快速判断是否存在(引力波)信号、LHC的Trigger系统 

-从数据学习神经网络，用于推断模型参数 

• Jet 物理: jet标记、flavor 标记、jet聚类、spectral density estimation 

•中微子物理：CNN用于信号处理，寻找中微子作用位置 

•引力波物理：信号分类，广义相对论模型参数估计 

• LatticeQCD: Hamilton MCMC获取组态代价极高 

-利用flow model等生成模型也许可以提供好的proporsal



机器学习在量子计算中的应用

•量子机器学习： 

•量子数据表示 

•量子算法设计 

•量子优势 

•混合量子-经典算法 

•量子线路优化：减少线路深度，优化量子门参数 

• Quantum State Tomography：相比于张量网络QST，可以表述纠缠更强的密度
矩阵


•量子纠错： 

•噪音建模 (beyond depolarizing、SI1000, MWPM的prior) 

•从数据中学习logical operator (Google 2024, qecGPT)



机器学习应用于物理的挑战与机遇

1. 数据量不够 

• 高质量数据获取昂贵 

2. 尊重对称性等约束 

• 晶体点群，空间群 

• 费米子交换反对称性 

• … …  

3. 需要贝叶斯主义，自由能原理 

• 玻尔兹曼分布 

• 参数推断 （引力波拟合，模型参数选择）
P

NP

P#P

PSPACE

Easy

Hard

PH

EXP



Machine Learning and Physics ?
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Statistical Mechanics
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Applications of Statistical Mechanics

•In Physics: Thermodynamics, Phases / Phase 
transitions …

P (s) =
1

Z
e��E(s) with � ! 1
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•In Combinatorial Optimization:

•In machine learning: associative memory 
     Hopfield model  
     Boltzmann machines

•In Statistical Inference: 
     Bayesian Inference and Max. A. Posterior

… … 

•In quantum computation 
     quantum error correction



P (�) =
1

Z
exp(��E(�))

微观构型的联合分布

指数大的空间

有效的方法

强大的计算能力

统计物理与机器学习

P (Data)
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数目变量的联合分布Parisi 
2021年物理诺奖

Hopfield 
2024年物理诺奖

Hinton 
2024年物理诺奖



• 估计自由能 

• 计算统计量/序参量 

• 无偏采样
P

NP

P#P

PSPACE

Easy

Hard

PH

EXP

S = {+1,�1}n

P (S) =
1

Z
e��E(S) Z =

X

s

e��E(S)

" " " # " # # # # # " "

玻尔兹曼分布：样本生成困难, 配分函数计算困难



现代生成模型

Diffusion models Autoregressive models

Flow models Variational autoencoder

王磊，张潘, 《写给物理学家的生成模型》，“物理” 2024



Auto-regressive distribution

q(s) =
Y

i

q(si|sj<i)

q(s1, s2, s3, s4) = q(s4|s3, s2, s1)q(s3, s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2|s1)q(s1)

s1
s2
s3

s4

ŝ1 = sigmoid(0) = q(s1 = 1)

ŝ2 = sigmoid(w12s1) = q(s2 = 1|s1)
ŝ3 = sigmoid(w13s1 + w23s2) = q(s3 = 1|s2, s1)
ŝ4 = sigmoid(w14s1 + w24s2 + w34s4) = q(s4 = 1|s3, s2, s1)

q(s1, s2, s3, s4) = ŝ1ŝ2ŝ3ŝ4

无偏采样：从条件概率采样 ancestral sampling [Bishop 2006]

Fully Visible  
Belief Network 

[Frey 1998]



• 估计自由能 

• 计算统计量/序参量 

• 无偏采样

利用生成模型求解玻尔兹曼分布 ？

P

NP

P#P

PSPACE

Easy

Hard

PH

EXP

S = {+1,�1}n

P (S) =
1

Z
e��E(S) Z =

X

s

e��E(S)

" " " # " # # # # # " "



变分法

p(s) =
1

Z
e��E(s)

��F = lnZ = ln
X

s

e��E(s)

玻尔兹曼分布

Bethe 近似 
Belief Propagation

Limitations: q(s) is not expressive

自由能

q(s) =
Y

i

qi(si)

q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

变分平均场

变分自由能

Introduce a variational distribution q(s)

Fq = ⟨E⟩q −
1
β

Sq

= F +
1
β

DKL(q∥p)



The variational Free Energy

P (s|x) = elnP (x|s)P0(s)

elnP (x)

lnZ = lnP (x) = ln
X

s

elnP (x|s)P0(s)

lnP (x) �
X

s

Q(s|x) ln[P (x|s)P0(s)]�
X

s

Q(s|x) lnQ(s|x)]

lnP (x) �
X

s

Q(s|x) ln[P (x|s)]�KL [lnQ(s|x)||P0(s)]

<latexit sha1_base64="yFtu3Y3ZA5eeefRQWiP1V1XKGLQ="></latexit>

P (s|x) = elnP (x|s)P0(s)

elnP (x)

lnZ = lnP (x) = ln
X

s

elnP (x|s)P0(s)

lnP (x) �
X

s

Q(s|x) ln[P (x|s)P0(s)]�
X

s

Q(s|x) lnQ(s|x)]

lnP (x) �
X

s

Q(s|x) ln[P (x|s)]�KL [lnQ(s|x)||P0(s)]
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Variational Free Energy:  Energy - Entropy

Variational autoencoder:  reconstruction error - KL regularization



Mean-field methods: Variational Mean-field

q(s) =
Y

i

qi(si)

Fq =
X

s

"
q(s)E(s) +

1

�

X

i

ln qi(si)

#

In case of the Ising model with E(s) = �
X

(ij)

Jijsisjmi = 2qi(si = 1)� 1

mi = tanh(�
X

j 6=i

Jijmj)

Fq =
X

(ij)

Jijmimj +
1

�

X

i

✓
log

1 +mi

2
+ log

1�mi

2

◆

5{qi}Fq = 0 ) Näıve Mean-Field equations

n parameters !
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✓
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Mean-field methods: Variational Mean-field

Fq =
X

s

"
q(s)E(s) +

1

�

X

i

ln qi(si)

#

In case of the Ising model with E(s) = �
X

(ij)

Jijsisjmi = 2qi(si = 1)� 1

mi = tanh(�
X

j 6=i

Jijmj)

Fq =
X

(ij)

Jijmimj +
1

�

X

i

✓
log
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◆

5{qi}Fq = 0 ) Näıve Mean-Field equations

mi = 2qi(si = 1)� 1

mi = tanh(�
X

j 6=i

Jijmj)
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X

(ij)
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1

�

X

i

✓
log
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+ log

1�mi
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Limitations: q(s) is not expressive

n parameters !q(s) =
Y

i

qi(si)



• Exact on a tree 
• A good approximation on sparse graphs or dense + weak systems 
• However in general q(s) is not normalized on loopy graphs

q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

Fq =
X

s

q(s)E(s) +
1

�

X

(ij)

X

si,sj

ln qij(si, sj)�
1

�

X

i

(di � 1)
X

si

ln qi(si)

5{qi,qij} Fq = 0 ) belief propagation

pi!j(si)

Mean-field methods: Bethe approximation



Pros and Cons of Mean-field

Pros: 

• Analytical computation of Free Energy  

• Fast Message Passing 

• Analysable  

Cons: 

• Requires certain conditions to hold 

• Low expressive power

q(s) =
Y

i

qi(si)

q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

pi!j(si)



Variational methods with neural networks

Good representation power in theory

D Wu, L Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019) 

Vatiational autoregressive neural networks.

    +     Reinforcement learningq(s) = ∏
i

q(si |sj<i)

Challenge: 
1. Representing normalized joint distribution 
2. Computing variational free energy



Auto-regressive distribution

q(s) =
Y

i

q(si|sj<i)

q(s1, s2, s3, s4) = q(s4|s3, s2, s1)q(s3, s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2|s1)q(s1)

s1
s2
s3

s4

ŝ1 = sigmoid(0) = q(s1 = 1)

ŝ2 = sigmoid(w12s1) = q(s2 = 1|s1)
ŝ3 = sigmoid(w13s1 + w23s2) = q(s3 = 1|s2, s1)
ŝ4 = sigmoid(w14s1 + w24s2 + w34s4) = q(s4 = 1|s3, s2, s1)

q(s1, s2, s3, s4) = ŝ1ŝ2ŝ3ŝ4

无偏采样：从条件概率采样 ancestral sampling [Bishop 2006]

Fully Visible  
Belief Network 

[Frey 1998]



变分自由能优化：强化学习

• Minimizing the variational free energy   minimizing KL divergence=
✓̂ = argmin

✓
DKL(q✓|p) = argminFq

�Fq =
X

s

q✓(s) [�E(s) + ln q✓(s)]

• Policy gradients:

�r✓Fq = r✓

X

s

[q✓(s) · (�E(s) + ln q✓(s))]

=
X

s

[r✓q✓(s) · (�E(s) + ln q✓(s)) + q✓(s)r✓ ln q✓(s)]

=
X

s

[q✓(s)r✓ log q✓(s) · (�E(s) + ln q✓(s)) +r✓q✓(s)]

= Es⇠q✓(s)

2

64r✓ ln q✓(s) · (�E(s) + ln q✓(s))| {z }
R(s)

3

75

Known as the REINFORCE algorithm  [Williams 1992]



计算自旋玻璃自由能
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Sherrington Kirkpatrik Model 2D Ising Model 

D. Wu, L. Wang, PZ， Phys. Rev. Lett. 122, 080602 (2019)  



复数相互作用的伊辛模型  量子计算机单振幅计算⟺

量子线路

伊辛模型

统计力学        量子计算机模拟⟶



Google’s Quantum Supremacy experiments

• 53 qubits, 20 cycles  

• 1 million samples in 200 Sec. 

• Linear Cross Entropy Fidelity (XEB)  0.002 

• Classic algorithm requires 10,000 years on Summit

≈

FXEB = 2n ∑
s∈{1,0}n

q(s)pU(s) − 1

= 2n⟨pU(s)⟩q − 1

≈
2n

m ∑
s∼q

pU(s) − 1

fSim(θ, ϕ) =

1 0 0 0
0 cos θ −i sin θ 0
0 −i sin θ cos θ 0
0 0 0 e−iϕ

Arute et al, Nature 2019



Single-amplitude Sparse state

Left boundary condition:

Product state

Right boundary condition:

|0⟩
|0⟩
|0⟩
|0⟩
|0⟩

Full-amplitude Big-batch

F. Pan and PZ, Phys. Rev. Lett. 128, 030501 (2022) 
F. Pan, K. Chen, and PZ, Phys. Rev. Lett. 129, 090502 (2022)

Solving the sampling problem of Sycamore

Can solve the problem in dozens of seconds



Quantum Error Correction



Repetition code

Code words: 

•  ,  

Error model:  

• e.g. bit-flip error,  prob.  

Decoding: 

•  

•  

0L = 000 1L = 111

p

010 ⟶ 0L

011 ⟶ 1L



Example: classical repetition code

parity check

bits 

H = (1 1 0
0 1 1)

 s1  s2  s3

 
 

s1 + s2  
 

s2 + s3

G = (1 1 1) HGT = 0

Parity Check matrix 
{0,1}(n−k)×n

Generator matrix 
{0,1}k×n

-dimensional linear subspace, spanned by rows of  k G

 and u = (0,0,0) (1,1,1) HuT = 0



Example: classical repetition code

parity check

bits 

H = (1 1 0
0 1 1)

 s1  s2  s3

 and u = (0,0,0) (1,1,1) HuT = 0

Bit-flip error  with probability  
 
e p

u ⟶ u + e

 
 

s1 + s2  
 

s2 + s3

        Syndrome 
Parity checks on Flip Errors
H(u + e)T = HuT + HeT = HeT = s



Repetition code

parity check

bits 

H = (1 1 0
0 1 1)

 
 

e1
{0,1}

 
 

e1
{0,1}

 
 

e1
{0,1}

Decoding: find configuration  
— consistent with the syndrome  
— with the maximum probability 

{e1, …, en} ∈ {1,0}n

P({e1, …, en}) =
1
Z

1(He = s)
n

∏
i=1

pei(1 − p)1−ei

=
1
Z

e−βE(e)

 
 

s1 + s2  
 

s2 + s3

Boltzmann distribution



Example: classical repetition code

parity check

bits 

H = (1 1 0
0 1 1)

 
 

e1
{0,1}

 
 

e1
{0,1}

 
 

e1
{0,1}

Syndrome s = (1,0)

(0,0,0) (0,0) 
(0,0,1) (0,1) 
(0,1,0) (1,1)
(0,1,1) (1,0)
(1,0,0) (1,0)
(1,0,1) (1,1)
(1,1,0) (0,1)
(1,1,1) (0,0)

(e1, e2, e3) P(e1, e2, e3) He
(1 − p)3

(1 − p)2p
(1 − p)2p
(1 − p)p2

(1 − p)2p
(1 − p)2p
(1 − p)p2

p3

 
 

s1 + s2  
 

s2 + s3



Shor’s 9 qubit code

Z stabilizers

X stabilizers



Quantum codes

Color codeSurface code Bivariate Bicycle code



Challenges of QEC decoding

1. Tanner graph contains loops 

• Commutation of stabilizers 

• BP does not work directly 

2. Degeneracy 

• Many errors are equivalent 

3. Measurement noise 

• Repeated measurements 

• Circuit-level noise



Challenges: tanner graph contains loops

Classical Code

Quantum Code



Challenges: Degeneracy of errors

Minimum-weight decoding (e.g. MWPM) is not optimal 
Degeneracy: Many errors are equivalent



Challenges: Degeneracy of errors

Computing the probability of a coset rather than an element in Pauli group 

Summing over all possible   stabilizer configurations 2n−k

Commute with  
Commute with 

XL
ZL

Commute with  
Anti-commute with 

XL
ZL

Anti-commute with  
Commute with 

XL
ZL

Anti-commute with  
Anti-commute with 

XL
ZL

Group the errors into equivalent classes,  
Find the class with the maximum probability



Maximum likelihood decoding (MLD)

The maximum-likelihood logical equivalent class tells us how to recover. 
  Commute with , : Logical operation is      no need  to recover 
  Commute with , anti-commute with            apply  to recover 
  Anti-commute with , commute with            apply  to recover 
  Anti-commute with , anti-commute with    apply  to recover

XL ZL IL
XL ZL XL

XL ZL ZL
XL ZL YL

Commute with  
Commute with 

XL
ZL

Commute with  
Anti-commute with 

XL
ZL

Anti-commute with  
Commute with 

XL
ZL

Anti-commute with  
Anti-commute with 

XL
ZL

Group the errors into equivalent classes,  
Find the class with the maximum probability



Noisy measurements: Circuit-level noise

Matt McEwen, Dave Bacon, and Craig Gidney, Quantum 2023

Simplest detection region: from reset to measurement

Detectors and detector regions 
For a CNOT gate

Bit-flip repetition code 
Two consecutive measurements



Decoding

Minimum weight decoding: 

•  

• Minimum Weight Perfect Matching  
(MWPM),  
Belief propagation … 

Maximum likelihood decoding (MLD):  

•    

• Tensor network decoding …

arg max
E

P(E)

arg max
β ∑

α

P(E(α, β, γ))
P

NP

P#P

PSPACE

Easy

Hard

PH

EXP



Stabilizer operators     , Abelian,  

•  operators, generated by  

•              

Pure error operators    , Abelian 

•  operators, generated by  

•         

Logical operators           ,  

•  operators, generated by  

• ,     ,     

s ∈ 𝕊 −I ∉ 𝕊

2m ⟨g1, g2, ⋯, gm⟩

gi |ψ⟩ = |ψ⟩ gigj = gjgi

e ∈ 𝔼

2m ⟨e1, e2, ⋯, em⟩

giej = (−1)δijejgi eiej = ejei

l ∈ 𝕃 𝕃 = 𝒩(𝕊)/𝕊

4k ⟨lx
1, lx

2, ⋯, lx
k , lz

1, lz
2, ⋯, lz

k⟩

lx/z
i gj = gjlx/z

i lx/z
i ej = ejlx/z

i lx
i lz

j = (−1)δijlz
j lx

i

Solving decoding problem:  decomposition{𝔼, 𝕃, 𝕊}



Solving decoding problem: mapping to Statistical Mechanics

An error  

 

• ,   satisfying       Syndrome 

• ,   satisfying      

• ,   satisfying   

• ,   satisfying   

E ∈ ℙn = {I, X, Y, Z}n

E ⟺ {α, β, γ}

γ ∈ {1,0}m Egi = (−1)γigiE

α ∈ {1,0}m Eei = (−1)γieiE

βx ∈ {1,0}k Elx = (−1)βx
i lx

i E

βz ∈ {1,0}k Elz
i = (−1)βz

i lz
i E

MLD:    given  and   

 computing spin glass partition function

Z(β, γ) = ∑
α

P(E(α, β, γ)) γ β

⟹



Surface code MLD到 自旋玻璃配分函数计算



Surface code 结果



Repetition code MLD到自旋玻璃配分函数计算

arXiv:2501.03582



Repetition code严格解

Google试验 北京量子院试验

arXiv:2501.03582



Generative neural decoding

Hanyan Cao, Feng Pan, Yijia Wang, PZ, arXiv:2307.09025 
PZ group, unpublished



Generative decoding

̂β1 = arg max
β1

q(β1 |γ2, γ1)

̂β2 = arg max
β2

q(β2 |β1, γ2, γ1)

Maximum likelihood decoding: 
Evaluate all possible  configurations 
Complexity: 

β
O(4k)

Generative decoding:

Complexity: O(2k)

⋯⋯

PZ group, unpublished 



P (�) =
1

Z
exp(��E(�)) P (Data)
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数据变量分布微观构型分布 控制高维空间量子态

|ψ⟩

统计物理，机器学习，与量子计算

指数大的空间

有效的方法

强大的计算能力


